It is shown how the phase-space kinetic theory of polymeric liquid mixtures leads to a set of extended MaxwellStefan equations describing multicomponent diffusion. This expression reduces to standard results for dilute solutions and for undiluted polymers. The polymer molecules are modeled as flexible bead-spring structures. To obtain the Maxwell-Stefan equations, the usual expression for the hydrodynamic drag force on a bead, used in previous kinetic theories, must be replaced by a new expression that accounts explicitly for bead-bead interactions between different molecules.
flexible bead-spring structures. To obtain the Maxwell-Stefan equations, the usual expression for the hydrodynamic drag force on a bead, used in previous kinetic theories, must be replaced by a new expression that accounts explicitly for bead-bead interactions between different molecules.
Continuum Mechanics Preliminaries
In a recent publication (1), a kinetic theory for flexible macromolecules was summarized and extended, and it was shown how to obtain the mass, momentum, and energy fluxes in terms of the concentration, velocity, and temperature gradients, including all the possible cross effects. To simplify the presentation, the treatment was restricted to bead-spring models with no internal constraints. The results given for multicomponent diffusion were somewhat limited by the assumed form for the hydrodynamic drag force on a bead. We used the usual statement that the hydrodynamic drag force is proportional to the difference between the bead velocity (appropriately averaged over momentum space) and the mass-average velocity of the fluid. In this work, we suggest a replacement for this Stokes' law expression, and as a result we obtain much-improved results for the description of multicomponent diffusion in polymers.
We begin by defining a few symbols: Pa is the mass concentration of species a, va is the velocity of species a, v is the mass-average velocity of the liquid mixture, and ja is the mass diffusion flux of a with respect to the mass-average velocity. The following relations among the above quantities will be used: p(r, t) = XaPa mass density of the liquid [1] p(r, t)v(r, t) = >paPava momentum density of the liquid i = pa,,(va -v) mass diffusion flux of species a.
We shall occasionally use the following operators: Da' a [2] [3] [4a]
When the equations of continuity for the individual species are added, we get the equation of continuity for the mixture a at [6a] or D -p =-p(V v),
[6b]
where use has been made of the fact that aj,ja = 0.
Continuum mechanical arguments alone do not give an equation of change for the momentum associated with each species in the mixture. As explained in the Appendix, some kinetic theory results have to be used in order to complete the derivation. The [7b] in which ITa is the contribution of species a to the stress tensor, and Ga is the external force (per unit volume) acting on species a. The term Fa represents the force (per unit volume) acting on species a by the other species in the mixture, and it is defined such that >2aFa = 0. Eq. 7 was first derived in 1939 by Chapman and Cowling (ref. 2 , see unnumbered equation after equation 6 ) from the kinetic theory of low-density monatomic gas mixtures and later, in 1958, by Bearman and Kirkwood (3) from the kinetic theory of monatomic liquids; in both instances, kinetic theory expressions and physical interpretations are given for the interspecies force Fa and the partial stress tensor rTa. Truesdell (4) suggested in 1957 that Eq. 7 should be valid for all materials, even though at that time the only available kinetic theory derivation was that of Chapman and Cowling. The reader is referred to Truesdell's papers for literature citations to earlier publications on multicomponent diffusion (4, 5) .
When all the equations in Eq. 7 are added together, we get the equation of motion for the mixture
[8b] the latter being the substantial derivative used in fluid dynamics.
From continuum arguments, it is known that the equation of continuity for species a in a nonreacting multicomponent mixture can be written in either of two forms (with a = 1, 2, 3...):
[5b]
where Ir = XalTa is the stress tensor for the mixture, and G = Y2aGa is the total external force per unit volume acting on the fluid.
Our main goals are (i) to derive Eq. 7 from the kinetic theory of polymeric fluids and to obtain a molecular expression for each quantity in the equation, and (ii) to obtain expressions for the set of mass fluxes ja appropriate for multicomponent polymer systems, these being an extension of the well-known Maxwell-Stefan equations derived for dilute gases (see equa The procedure used here is similar in some points to that used by Bearman and Kirkwood (3) in their study of monatomic liquid mixtures, and full use is also made of the development given elsewhere by us (1) . Although Bearman and 7440 The publication costs of this article were defrayed in part by page charge payment. This article must therefore be hereby marked "advertisement" in accordance with 18 U.S.C. §1734 solely to indicate this fact. +-Fal1* at~~v ma a rva 1 c [9] in which B is an arbitrary function in the entire phase space of the liquid mixture and the angular brackets indicate an average over the entire phase space; the operator preceding B is the Liouville operator. The quantities r,' and pW' denote the position and momentum of bead v of the ith molecule of species a, and Fv is the total force acting on that bead resulting from bead-bead interactions (both intramolecular and intermolecular) and from external forces. The symbol mv represents the mass of the vth bead of a molecule of species a. A detailed discussion of the derivations of continuum equations from Eq. 9 is given in ref. 1 .
The Equation of Continuity and Associated Quantities. We start by choosing the quantity B in the general equation of change as Ba = jY2vm'5(rv' -r).
[10] With this choice, which accounts specifically for the distribution of the mass of the molecules among the beads, the mass concentration of species a is given as Pa = (Ba) = (7 - vm'8(rv" -r)) = EvmcfrI,(ra, t)B(rv-r)dra, [11] in which Pa, the singlet distribution function for a molecule of species a, is a function of the position vectors {r,'} of all the beads of the molecule, here abbreviated as ra, and the time. In going from the first to the second line, we have integrated over many of the phase-space coordinates by techniques fully explained in section 5 of ref. li-v i8(rv -r) . [14] Substitution of this expression into Eq. 9 leads then to PaVaVZ aPP8(r~r)/ at iv mv v + ( Fi(rvci -r)), [15] in which Fv' is the total force on bead v of the ith molecule of species a-that is, the sum of the intramolecular, intermolecular, and external forces. (Eq. 15 can also be obtained from integrating equation 11.2 of ref. 1 over the set of connector vectors Qa.) The angular bracket in the first term on the right can be rewritten by replacing p' by mV'(-t -v), where v = v(r,t), and supplying compensating terms to get
The first term on the right is identified as w-k), the kinetic contribution to the partial stress tensor associated with species a.
The inclusion of (t-f' -v) rather than iv' in the definition of wk)
ensures that wV at a point in the flowing fluid is independent of a superimposed uniform translation of the entire flowing fluid.
The appearance of the term pa(vCXv + wVa -w) in Eq. 16 explains the origin of the same grouping in Eq. 7a as well as the appearance of the term pa(va -V)(Va -v) in Eq. 7b.
The second angular bracket in Eq. 15 is a momentum source term that can be split into three parts corresponding to the contributions of the intramolecular forces (associated with the springs), the external forces (e.g., gravitational or electrical), and intermolecular forces. Each of these can be developed according to the methods of ref. 1. First, the source term describing the effects of the spring forces is S* = (XijvF(4)8(rv -r -V.zvfJKFviaPa(r -RK, Qc, t)d~dQa [17] thus identifying the intramolecular contribution to the partial stress tensor associated with species a. Here the singlet distribution Ta is expressed in terms of the set of internal variables (or connector vectors) {Q'}; the vectors R,' give the locations of the beads with respect to the centers of mass of the molecules and are functions of the Qa. The symbol F(O)a stands for the force on bead v of a molecule of species a resulting from interactions with other beads of the same molecule-that is, the spring forces within the bead-spring model.
Next the source term describing the effect of external forces is developed as follows:
s(e) (E -F(e)aiS(rai-r)) -F(e)aPa(r, Qa, t)dQa -V.vff RKF(e)oaa(r -(W Qa', t)dfdQa [18] Chemistry: Curtiss and Bird Here two quantities are identified: the external force Ga acting on species a, and the external force contribution to the partial stress tensor T e) associated with species a; if the only external force is that of gravity, then aT,,) -0. The symbol Fv)a is used for the force on bead v of a molecule of a resulting from external forces; the same symbol without the subscript is the external force on the entire molecule.
The source term associated with the intermolecular forces is considerably more complicated, inasmuch as it accounts for the interactions between parts of different macromolecules:
-ra a iv j,udradr = JF(d)aJ38(rc' -r)IP.,(rc, r', t)dr'dro I v,u [19] = E JF(h)a S(ra -r)Ta(ra, t)dra. [20] in which R& is the vector from the center of mass of molecule a to that of molecule /3, and the symbol mm stands for the total mass of a molecule of species a. In Eq. 20 [21] Thus, the species equations of motion, in the form of Eq. 7a, have been obtained from the kinetic theory ofpolymers, with complete molecular expressions for the various contributions to the stress tensor, and also for the external force and the interspecies force. That is, these quantities are all given in terms of interbead forces and the singlet or pair distribution functions. For some simple models, some of these quantities can be evaluated explicitly as illustrated in ref. 
point, the only assumptions in the theory are that the constituent molecules may be described by bead-spring models and that the forces between pairs of beads are in the direction of the bead-bead vectors and are derivable from a potential. To proceed, it is necessary to introduce some kind of assumption regarding the forces acting on a molecule of species a by the surrounding molecules. It has been traditional to use a Stokes' law assumption for the hydrodynamic force F, )a as mentioned above.
Here we propose an expression for the bead-bead interaction force F,)Vcl)3 as follows:
Ta(ra, t)Tp(r", t), [22] in which uv(ra, t) =J[tv]]a is the momentum-space averaged velocity of a bead, Taf3,eq. is the equilibrium pair distribution function, and NaNo Za= X ap mam tm mm [23] where {at3 is a friction coefficient for the molecular pair af3.
The quantity p(r,t) is the total fluid density at the location r, and Na is the number of beads in the molecular model representing species a. Eq. 22 states that the perturbation from equilibrium of the force exerted on bead v of a molecule of a by bead ,u of molecule /3 is proportional to the difference of the mean velocities of the two beads and, furthermore, that the force is exerted only when the beads are exceedingly close to one another. The delta function divided by the square root of the product of the densities is intended to represent, in some sense, the ratio of the volume per molecule to the volume over which the intermolecular forces act. The various constants (masses and bead numbers) in Eqs. 22 -[p(rv-, t)]-f1(rv -r,)*a(ra, t)t,3(r3, t)drO. [24] Proc. Natl. Acad. Sci. USA 93 (1996) Chemistry: Curtiss and Bird
The integral over the equilibrium pair distribution function gives zero. Then, with the help of Eqs. 11 and 13 this last equation becomes F(h = (mi'Zai3)(u'(ra, t) -v(rV, t)) + mCTp(rv, t)] 'YZpjp(rv, t). [25] This is then an expression for the hydrodynamic force that is consistent with the empiricism proposed in Eq. 22 
-(u(r,, t) -v(r, t))].S(rv -r)S(rv -r) * a(ra, t)Tp(r", t)dradr" = -ZEiE [p,(r, t)ja(r, t) -pa(r, t)j,(r, t)]. [26] Then, according to Eq. 20 the interspecies force Fa is given by Fap=a-p (v-v-) + [Va ] . [27] Eq. 27, without the term [V-,d)], was derived from the kinetic theory of dilute gases (9-11); for a low-density gas mixture, however, it is known that f (d) We now make use of Eqs. 4, 5a, and 8b and eliminate species velocities in favor of species fluxes; we also make use of the fact that 7(d) = z17 vanishes for the empiricism of Eq. 22. Hence, the following is equivalent to Eq. 28: Eq. 29 contains dependence on the kinematic tensors (such as strain or rate-of-strain tensors) through the stress-tensor contributions. It also contains information about pressure diffusion, thermal diffusion, and forced diffusion; the thermal diffusion enters in through the temperature dependence of the partial and total stress tensors. It should be kept in mind that the diffusivities Dajp appearing in Eq. 29 may be determined by binary-diffusion experiments but that the same quantities can be used in describing multicomponent systems.
Eq. 29 can be regarded as an extension of the MaxwellStefan equations for dilute, monatomic gases and also as an extension of the diffusion-stress relation of Beris and Mavrantzas (ref. 18 We now take all the bead masses, m' and mS, in the system to be the same, m, then mm = Na.m, mSi = m, and Pa = mnfa = Namna. Furthermore Self-Diffusion in an Undiluted Polymer. Next consider an undiluted polymer (a melt) made up of species a, in which a small amount of tagged polymer a* is diffusing. This is then a binary system with a*, virtually indistinguishable from a, appearing only in trace quantities. The diffusivity Daa* for this system is called the self-diffusivity. Once again, it is assumed that the fluid is at rest and the temperature is constant throughout; we also assume that there are no external forces and that the time derivative of the mass flux can be ignored.
For this system, Na = Na,* and mm = mm*. The mass fraction of a* can be taken to be zero. A simple empiricism for the friction coefficient 3 is = NNaNa* = , where ; is the friction factor for a single bead (all beads being presumed identical). Then Eq. 29 becomes /kT ja* 2-l Vpa*,
[331 which gives then for the self-diffusivity Daa* = kT/N2,. This indicates that the self-diffusivity should be inversely proportional to the square of the molecular weight of the polymers. Such a molecular weight dependence was predicted by de Gennes and Leger (20) by using a tube model for reptating polymer chains; it was also obtained from the Curtiss-Bird theory of undiluted polymers (13) by means of a phase-space kinetic theory. The inverse square dependence is apparently in reasonably good agreement with some experimental data (21).
By using different empiricisms for ; one can describe other molecular weight dependences. For highly branched chains, one might expect higher powers of Na to appear in the expression for a Diffusion of Small Molecules in a Polymer. Finally, we consider the diffusion of small molecules of a through a polymer ,B, with a present in trace amounts. Again, we assume no external forces and omit the time derivative of the mass flux. Then from Eq. 29 we get MTVn,,.
[34] C, Na NgNTfa
In this situation, we would expect the friction coefficient Cp to be proportional to N, but to be independent of Ng, since the diffusion of the small molecules should be relatively insensitive to the chain lengths of the medium through which they are diffusing as well as to their chemical structure. This leads then to j kT)V [5 This suggests that the diffusivity should be independent of the molecular weight of ,3 and inversely proportional to the molecular weight of the small diffusing species. The three examples above all involve suggesting empiricisms for the friction coefficients g which ultimately have to be determined from experiments. Conclusions The partial equations of motion for one species in a polymeric liquid mixture have been derived by the phase-space kinetic theory. Specific molecular expressions were obtained for all the quantities in Eq. 7 in terms of intermolecular forces and distribution functions. In particular, a molecular expression for the interspecies force Fa was obtained. The kinetic theory development makes it clear that external forces give rise to the external force term Ga as well as to a contribution to the stress tensor fe).
Similarly, the forces between molecules give rise to the interspecies force Fa, as well as to a contribution r(d) to the stress tensor.
The partial equations of motion thus derived were then used to obtain an extension of the Maxwell-Stefan equations for multicomponent diffusion. The final result in Eq. 29 can be regarded as a stress-diffusion relation, since it interrelates the mass-flux vectors and several different contributions to the stress tensor. The equation represents an extension of the familiar Maxwell-Stefan equations (derived earlier for dilute gas mixtures by kinetic theory) not only in the inclusion of the partial stresses but also because of a series of terms involving the substantial derivative of the mass-flux vector and all tensorially allowable products of the mass-flux vector with velocity gradients. The last term in Eq. 29 prevents the expression from being objective in the continuum mechanics sense; however, this is not surprising since acceleration terms in the equations of motion for the molecules have nowhere been discarded in the derivation (see equation 11.4 
in ref. 1).
The derivation presented here also represents an extension of the earlier work of Bearman and Kirkwood. Whereas they considered monatomic liquids, we have allowed for molecules with many internal degrees of freedom, which are extended in space; we do not assume that the masses of the molecules are concentrated at the centers of mass of the molecules.
Eq. 29 has also been obtained by paralleling the development of appendix B in ref. 1) by an expression of the form given above in Eq. 25 . We have not presented the development here in that way, inasmuch as the derivation using the partial equation of motion seems more efficient.
Somewhere in the theory of multicomponent diffusion it is necessary to introduce an empirical expression for the force on beads of a molecule of species a by all the other molecules surrounding it. The empiricism can be introduced at several different levels: the bead-bead interaction level, the beadmoving-through-a-continuum level, and the purely continuum level. The second and third of these can be derived from the first, which can be regarded as the most fundamental of the expressions. We summarize these three empiricisms beginning with the particle-particle interaction:
(i) An empiricism for the bead-bead interaction force F(d)a8, as given in Eq. 22. This expression indicates how the for'Lce depends on the relative velocities of the beads at the instant of a collision. The assumption in Eq. 22 also contains the short-range-force assumption introduced in section 12 of ref.
1. The main advantage of using an empiricism of the type of Eq. 22 is that it can be used elsewhere in the kinetic theory (for example, in the study of thermal conductivity) to ensure that the theory is internally consistent.
(ii) An empiricism for the hydrodynamic drag force F()a on a bead as it moves through the mixture. In most kinetic theories, it has heretofore been common practice to use a Stokes' law drag expression for describing this force. This empiricism was suggested by the results of dilute gas kinetic theory. However Eq. 27, derived from Eq. 22, suggests that the continuum mechanics empiricism is incomplete. By evaluating the stress-tensor contributions in Eq. 29 for specific bead-spring models, the temperature and velocity gradients will appear naturally; that is, we have the starting point for the study of thermal diffusion in multicomponent diffusion as well as the study of the effect of velocity gradients on diffusion [for which only limited experimental data seem to be available (22) ].
In the future, it will be necessary to solve the extended Maxwell-Stefan equations along with the equations of continuity and motion to solve practical problems. There is considerable interest in the theory of multicomponent diffusion in chemical engineering ( The above discussion shows that continuum arguments lead to Eq. A2 above for the equation of change for pava but that the physical interpretation of the terms cannot be made without supplementary information from molecular theories. Fortunately, the kinetic theories for low-density monatomic gases, monatomic liquids, and flexible polymer chains all lead to the justification of Eqs. A6 and A7. It is not known whether kinetic theories for polar liquids, liquid crystals, or polymers with internal constraints will yield the same results.
